CHAPTER

Trigonometric
ldentities




10. Trigonometric Identities elLearn.Punjab

10.1 Introduction

In this section, we shall first establish the fundamental law of trigonometry before
discussing the Trigonometric Identities. For this we should know the formula to find the
distance between two points in a plane.

10.1.1 The Law of Cosine

Let P(x,,y,) and Q (x,, y,) be two points. If “ d “ denotes the distance between them,

= \/(xl _x2)2 +(n _y2)2

then, d :‘E

= \/(xz _x1)2 +(, _y1)2

i.e., square root o f the sum of square the difference of x-coordinates and square the
difference o f y-coordinates.

Example 1: Find distance between the following points:
i) A(3,8) , B(5,6)
i) P(cosx, cosy), Q(sinx, siny)
Solution:

) Distance :\E\:\/(s—sf +(8-6) =/4+4=8=22
= J(5-3) +(6-8) =/4+4=8=22

i) Distance = \/(cosx—sinx)2 +(cos y —sin y)?

= \/cos2x+sin2x—2005x sinx +cos” y+sin’ y—2cosy siny

= \/2—2cosxsinx—2c:0sy sin y

= \/2 —2(cosxsinx +cosy siny
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10.1.2 Fundamental Law of trigonometry

Let o and B any two angles (real numbers), then

cos(ax — ) = cosa cosf+sina sin
which is called the Fundamental Law of Trigonometry.

Proof: For our convenience, let us assume that o> > 0.
Consider a unit circle with
centre at origin O.
Let terminal sides o f angles a and B cut the unit circle at
A and B respectively.
Evidently ZAOB=a-p
Take a point C on the unit circle so that
ZXOC =mZAOB = a—f3
Join A,B and C,D. .
Now angles a B and o — [ are in standard position.
The coordinates o f A are (cos @, sin Q)
the coordinates o f B are (cos [3, sin 3)

the coordinates o f Care (cosa — f3, sin a — 3)
and the coordinates o f D are (1, 0).
Now A4OB and ACOD are congruent.

45| <lcp]

= 4B =|cD[

Using the distance formula, we have:

(cosa —cos B)° + (sina —sin B)” =[(cos(a — B) — 1]’ +[sin(a — B) — 0T

[(SAS) theorem]

= cos’a+cos’ f—2cosa cos fB+sin’ a +sin’ B —2sinasin B
=cos’(a — f)+1—-2cos(a — B) +sin’(a — )
= 2-2(cosacosf+sinasinfl) = 2-2cos(a—f)

Hence cos(a— f) = cosacosf+sinasinf.
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Suppose we know the values of sin and cos of two angles a and 3. we can find
cos (o — PB) using this law as explained in the following example:

Example 1: Find the value of cos—— .

Solution: As 215 = 4530 =2~
4 6
T T T T T
COS— = —_— COS—COS—+SIH—SIH—
12 (4 6] 4
L3, 11 ﬁ +1

22T\l T

10.2 Deductions from Fundamental Law
1)  We know that:

cos(d — ) = cosacosf +sinasinf

Putting o =% init, we get

T T A/ A
COS| —— = COS—COS ) +Sin—Sin
(2 b ] pcospasinysing

= cos(%—ﬁ) = 0.cosf+ 1.sinpf ( cos§=0,sin%=1j

cos(%—ﬂ] = sin f
2)  We know that:

cos(¢—pf) = cosacosf+sinasinf

Putting ,B:—% in it, we get

ol a-(-2]] = cosmcof -2} simasin 2)
O

version: 1.1
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. T . T
sin| —— |=—sin—=-1
()3
cos(—£)=cos£=0
2 2

cos(§+ aj = -—sina (i)

= cos(a+%) = cosa.0+sin a.(-1)

3)  We known that

cos(% - ,B] = sinf [(i) above]

Putting ﬂ:%+a in it, we get

cos| ——| =+a || = sin| —+«
2 2 2
= cos(—a) = sin(%+aj

= Ccos a = sin(%+aj { cos(—a) =cos a}

sin(%+aj = cos & (iii)

4)  We known that

cos(ax — ) = cosacos ff+sinasin ff

replacing g by -4 we get
cos[a — (=f3)] = cosacos(—p) +sinasin(—f3)

{.- cos(—pf) =cos f,sin(—f)=—sin [}

7 = |cos(a+ B) = cosacosf—sinasin

5)  We known that

cos(a+ ) = cosacosff—sinasinf

. T
replacing a by 5+a we get
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T V4 . ( :
cos{(5+aj+ﬁ} = cos(5+ajcos ﬁ—s1n(5+ajs1nﬂ

V4 : :
= cos[5+ (a +ﬁ)} = —sinacos f—cosasinf
=  —sin(a+f) = —[sinacosf +cosasin ]
sin(¢ + f) = sinacosf+cosasinf

6) We known that

sin( + f) = sinacosf+cosasin f3 [from (v) above]

replacing g by -g we get

sin(a — ) = sinacos(—pf)+cosasin(—L3)

o osin(=f)=-sinf
cos(—f) = cos 3

sinf — f) = sinacosff—cosasinf (vi)

7)  We known that

cos(a¢—ff) = cosacosf+sina. sinf

Llet a=27 and S =06

cos2r—-60) = cos2z . cos @ +sin2x sin 6
cos2m =1
= 1.cos@+0 .sin @ )
sin2z= 0
= cosd

8)  We known that sin(ae — ) =sina . cos f—cosa . sin 3

sin(2z—60) = sin2x. cos@ —cos 27 sin 6
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. sin2z7 =0
= 0.cosf@—-1 .sind
cos2r =1
= —sind (viii)
sin(a + sin cos ff + cosa sin
9) tan(a + ) = @+ /) = p ; ; b
cos(a + f3) cosacos f—sinasin
sina cos 3 | cosa sin 3 Dividing
__cosacosfS cosacospf neumerator and
cosa cos [ B sing sin denuminator
cosacos S cosacosf —cos & cos B
tan o + tan .
tan(a + ) = P (ix)
1 -tano tan S
sin(e — ) _ sinacosf—cosasin f

10) tan(a - p) =

cos(a — f) cosacos ff+sinasin

sinagcos§ cosasin ff

Dividing
cosacosff cosacosf

= : . neumerator and
cosacos ff _ sinasin p

denuminator
cosacosff cosacosf

an(a— f) = tana —tan (%)

1+ tan o tan S

10.3 Trigonometric Ratios of Allied Angles

The angles associated with basic angles of measure @ to a right angle or its multiples
are called allied angles. So, the angles of measure 90° + 6 ,180° + ¢, 270° + 9,360° + @, are

known as allied angles.

Using fundamental law, cos(a - ) =cos a cos § +sin a sin § and its deductions, we

derive the following identities:

O
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sin(z—ej:cosﬁ , cos(z—ﬁj:sinﬁ , tan(z—é?):cot@
2 2 2

sin(%+0j =cosf , cos(%+0j:—sin9, tan(§+0j:—cot0

sin(z—60) =sinf , cos(x—60) =-cos@ , tan(r—0)=-tand
sin(x+6) =-sin@, cos(xr+60) =-cosf , tan(r+6)=tanl

sin(%—ejz—cosé’ , cos[%—9j=—sin6’ , tan(%z—ejzcotﬁ

sin(%ﬂS’):—cosH , cos(%+0j=sin9 , tan(%z+9j=—cot0

{sin(Zﬁ —0)=-sinf , cos(2r—0)=cosf , tan(2zx—6)=-tand

sin(2z +6) =sinf , cos(2r+6)=cosf , tan(2x+6)=tanl

1) If @ is added to or subtracted from odd multiple of right angle, the trigonometric
ratios change into co-ratios and vice versa.

i.e, sing—=cos, tang—=cot, secg—=coses
e.g. sin(%—@j = cosf# and cos(%ﬂﬂ = sind
2) If 6 isadded to or subtracted from an even multiple of % the trigonometric ratios shall

remain the same.

3) Sofar as the sign of the results is concerned, it is determined by the quadrant in which
the terminal arm of the angle lies.
e.g. sin(r—60) =sinf, tan(r+6) =tand, cos(2xr—6H) = cosb

version: 1.1

Measure of the Quad. 1
angle i
LA I S 4V All+ve
2
%+¢9 orr—0 11 .E'I"Ir 0 +""I'
740 or 37”—9 I lun+ve (U5 +ye
37”“9 or 27 -6 Iv ¥

a) In sin(z—ej,sin(£+0j,sin(3—ﬂ—6J and sin(3—ﬂ+6’j
2 2 2 2

odd multiplies of% are involved.

sin will change into cos.
Moreover, the angle of measure

i) (E—H will have terminal side in Quad.],
So sin %—9) =cos 0

i) (%+0 will have terminal side in Quad.II,

So sin %+0j=cos g,

iii) (37”—6?) will have terminal side in Quad.III,

O
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So sin(%[ — HJ =—cosd;

iv) (377[+9j will have terminal side in Quad.IV,
So sin(%[+6’j=—cos 0.

b)  In cos(z —8), cos(x +86), cos(2r—) and cos(2z +6) even multiples of % are involved.
cos will remain as cos.

Moreover, the angle of measure
i) (= —60) will have terminal side in Quad. I,
. cos(r—6)=—cos 0;

i) (7 +86) will have terminal side in Quad. III,
. cos(m +60)=—cos b,

iii) (27 —0) will have terminal side in Quad. IV:
. cos(2zr —60)=cos b,

iv) 2z +6) will have terminal side in Quad. I
. cos(2r+6)=cos 6.
Example 2: Without using the tables, write down the values of:

i) cos315° i) sin540° iii) tan (-135°) iv) sec(-300°)

Solution:

)] cos315° = co0s(270+45) = cos(3x90+45)" =+sin45" = L
V2

i) sin 540° = sin(540+0)° =sin(6x90+0)" =+sin0 =0

i)  tan(-135")= —tan135" =—tan(180—45)" =—tan(2x90—45) =—(—tan45") =1

iv)  sec(=300°) = sec300" = sec(360—60)" =sec(4x90—60) =sec60” =2

10. Trigonometric Identities elLearn.Punjab
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Example 3: Simplify:

sin(360° — @) cos(180° — A)tan(180° + 0)
sin(90° + @) cos(90° — @) tan(360° + 9)

sin(360° — @) = —sin 6, cos(180° — ) =—cosfl
tan(180° + @) =tan @ , sin(90° + @) =cosd
cos(90° — @) =sinf , tan(360° + @) =tan @

Solution: -

sin(360° — #)cos(180° — ) tan(180° +0)  (—sind)(—cosH)tand |
cosd.sinf . tanf

cos@ . sin@ .tan @

Exercise 10.1

1.  Without using the tables, find the values of:
)] sin(=780°) i) cot(—855%) i) csc(2040°)

iv)  sec(—960°) v)  tan(1110°) vi)  sin(=300°)

2.  Expresseach of the following as a trigonometric function of an angle of positive degree
measure of less than 45°.

) sin 196° i) cos 147° iii)  sin 319°
V)  cos 254° V) tan 294° vi)  cos 728
Vii)  sin(—625") Viii)  cos(—435") iX)  sin 150°

3. Prove the following:

i) sin(180° + ) sin (90 — ) = —sinacosa
i) sin 780° sin 480° + cos120° sin30° = %
i)  c0s306" +co0s234° + cos162° + cosl8 =0

ivV)  cos 330" sin 600° + cos120° sin150° = —1

version: 1.1
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4.

Prove that:
. 2 RY/4
sin“ (7 + 0) tan(2 + 9)

=cos @

cot’ (3; - (9)0082 (7 —6O)coses(2x — 0)

cos(90° + f)sec(—O)tan(180" -0)
sec(360° —0)sin(180° + &) cot(90° — 0)
If o, B, y are the angles of a triangle ABC, then prove that

i)

) sin(a+ f) = siny i) cos[a;ﬂ) = Sin%
i)  cos(a¢+pf) = —cosy iv)  tan(a+ f)+tany =0.

10.4 Further Application of Basic Identities

Example 1: Prove that

sin(a + B) sin(e— f) = sin’a —sin’ B (i)

= cos’ f—cos’a (i)

Solution: L.H.S. = sin(a + f) sin(a — )

= (sinacosf +cosasin f)(sina cos f —cosasin ff)
= sin’ azcos’ B —cos” asin® S

= sin’ (1 —sin® B) — (1 —sin’ a)sin’

= sin’ o —sin’ asin’ B —sin’ B +sin” asin® B

= sin’a —sin’ S

= (1-cos’a)—(1—cos’ B)

= l-cos’a—1+cos’ 3

= cos’f—cos’a

Example 2: Without using tables, find the values of all trigonometric functions of 75°.

Solution: As 75 = 45 +30°

sin75" = sin(45" +30") =sin45° cos30° + cos 45 sin 30°

(2)

version: 1.1
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cos75 =

tan 75"

cot 75°

coses 75°

Example 3:

Prove that:

\/§+1

cos (45" +30°) =cos45 cos30° —sin45"sin30°

3 H

tan (45" +30°) =

1+

-

1
-1
V3

&l

W3
22

tan45° + tan30°

\/§+1

3-1

1 3-1

tan75° \/§+1

] 22

sin75° 3+

1

and

cosll’ +sinll°

cosll’ —sinll°

Solution: Consider

R.H.S.

tan56° = tan(45" +11°) =

1 —tan45" tan30°

] 22

sec 75° =

= tan56°.

cos75° - \/5—1

tan45° +tanll’

sinllo
l+tanll” +cosll° _cosll” +sinlT’
I-tanll’ B sinll”  cosll°=sinll’
cosll’

l-tan45 tanll’

= L.H.S.

()
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Hence cosll” +sinll _ anse

cosll’ —sinll°

Example 4: If cosa :—i—:, tanﬂ:% the terminal side of the angle of measure « is in the II

quadrant and that of g is in the III quadrant, find the values of:

i) sin (a + ) ii)  cos(a+p)

In which quadrant does the terminal side of the angle of measure (a + g) lie?

Solution: We know that sin’a +cos’a = 1

sinag =+ +1-cos’a = + l—ﬁ:i‘/%:i%

625

As the terminal side o f the angle of measure of « is in the IT quadrant, where sin « is
positive.

. 7
sina = —
2

Now sec f= =+ l+tan’f == 1+% :ij—é

As the terminal side of the angle of measure of g in the III quadrant, so sec g is
negative

41 40
sec f= —— and coS = ——
P 40 P 41

sin ff = i«/l—coszﬂ = + 1__16OO:+1

1681 41
As the terminal arm of the angle of measure g isin the Ill quadrant, so sin g is negative

: 9
sinff= ——
b 41

sin (¢ + ) = sinacosf+cosasinf

Example 5: If a,f,y are the angles of A4ABC prove that:

and  cos(a+ p)

(5w

25
280+216 64
1025 1025

cosacos ff —sinasin

Sl

1025

1023
1025

7
25

|

9
41

sin(a + f) is — ve and cos(a + f) is + ve

.".The terminal arm of the angle of measure (a + f) is in the IV quadrant.

)

i)

&

J

tana +tan f +tany = tan atan ftan y

B

B . 7

/4

o o
tan— tan— + tan— tan—+ tan—tan— =
2 2 2 2 2 2

Solution: As «a, B, y are theangles of A ABC

)

a+pf

a+pf+y =
= 180" -y
tan (a + )

tana +tan

l-tana tan S

180°

= tan(180° —y)

= —tany

1

version: 1.1
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= tana+tanf = —tany+tanatan ftany

tana +tan f +tany = tanatan ftany

.. . a p vy X
I As a+ fF+yv= 180 = —+—=—+==90
) B+y R

2 2 2
tan(—+£j: tan(90°—1j
2
tanngtanﬁ 1
= 2 %B = cotZ =—
l—tangtan— 2 ‘[anZ
2 2 2

a. .y . By B

a
= tan—tan-+tan—tan~—= 1-—tan—tan—
2 2 2

B B.. .y /4

a a
tan—tan— + tan—tan—+tan=—tan— =1
2 2 2

Example 6: Express 3 sin 8+4 cos 6 in the form r sin(@ + ¢), where the terminal side of the

angle of measure ¢ is in the I quadrant.

Solution: Let3 =rcos¢ and 4 = rsing

3*+4> = r’cos’¢p+r’sin’ ¢

4 _ rsing
= 9+16 = r’(cos’ @g+sin’ §) 3 rcose
= 25 = 7’ 4

1= — = tan¢g
= 5 = r 3
= T =5 S tang = —

3sinf@+4cosf = rcos @sind +rsingcos 6

= r(sin@cos¢@+ cosdsingP)

version: 1.1

= rsin(6+¢)

L4

Where r =5 and ¢ = tan 3
Exercise 10.2
1.  Prove that

i) sin(180° + @) = —sind i) cos(180° +8) = —cosd
i)  tan(270° —6) =cotd iv)  cos(8—180")=—cosd
V) cos(270° +6) =sind vi)  sin(@+270°) =—cosd
vii)  tan(180° + &) =tand viii)  cos(360° —6) = cosd

2. Find the values o f the following:
i) sin 15° i) cos 15°

Iv)  sin 105° V) cos 105°

iii)

Vi)

(Hint: 15° = (45 -30") and 105" = (60°+45")

3. Prove that:
: . . |
) sin(45" + ) = ﬁ (sina +cosa)
i) cos(a +45)= %(cosa —sinQ)

4, Prove that:
i) tan (45" + A) tan (45— A4) = 1

i) tan (1—9)+tan (3—ﬂ-+0j= 0
4 4

i) sin(&+%)+cos(0+§j= cosd

sin @ — cos ftan Q
o) o

cos @ + sin @ tan g

tan 15°
tan 105°

version: 1.1
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l-tan ftan ¢  cos(6+ @)
l+tan dtan g  cos(d — @)

Show that: cos(a + B)cos(a — ) = cos’ a —sin” S =cos’ f—sin’ a

Show that: sin(a + f) +sin(a — )
" cos(a + B) +cos(a — )

= tana

Show that:

) cot (a+ ff) = cotacot f—1
cota +cot

i) cot (cr— ) = cotacot f+1
cot f —cota

tana +tan B sin(a + f)

i) tanag—tan f  sin(a — f)

If sinozzi and cosﬂ:ﬂ, where 0<a<Z and O<,B<£.
5 41 2 2

Show that sin (e — ) = 133

205

If sina:§ and sinf= % where %<a<7zand %<ﬂ<7z. Find

i) sin (a+ f) i) cos (a+ f) i)  tan (ax+ f)
iv)  sin (- f) V) cos (a—J3) vi)  tan (a - f5).

In which quadrants do the terminal sides of the angles of measures
(a+p) and (a-p) lie?

Find sin (¢ + ) and cos(a + ), given that

i) tan o :%, cos 3 = % and neither the terminal side o f the angle of measure

a nor that of g isin the I quadrant.

version: 1.1
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i)  tan a= —%5 and sin f= —% and neither the terminal side of the angle of

measure « nor that of g isin the Iv quadrant.

11. Prove that cos8 S%ng tan37
cos®’ sing&°

p y By

12. If a,p,y are the angles of a triangle ABC, show that cot%+cot3+cot5 = cot%cotzcotz

13. Ifa+pB+y= 180", show that
cotacot f+cot fcoty+cotycota = 1

14. Express the following in the formr sin (8+¢) or r sin (6 —¢), where terminal sides of
the angles of measures fand ¢ are in the first quadrant:

i) 12 sin @+5 cos @ ii) 3 sin@—-4cos@ iii) sin@—cos O

iV) 5 sin @—4cosé V) sin @ +cos 6. vi) 3 sin @-5 cos @

10.5 Double angle Identities

We have discovered the following results:
sin (¢ + f) = sinacos f+cosasin

cos (a + f)

cos acos ff—sin asin

tan o + tan

and tan (o + =
(@+h) l-tana tan S

We can use them to obtain the double angle identities as follows:
)] Put f=a in sin(a+f) = sinacos f+cosasin

sin (@ +@) = sin acos & +cosasin«
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Hence  sina = 2sincose

i) Put f=a in cos(a+f) = cosacos f—sinasin
cos(ax +a) = cosacos o —sin asin o

cos2a= cos’a—sin‘«a
cos 2a = cos’a—(1—cos’a) (o sin®a=1-cos’a)

= cos’a—1+cos’a

cos2a = cos’a—sin’ a

cos2a = (1-sin® a)—sin’ a (o cos’ a=1-sin’ a)

tan o + tan S
l—tan atan S

tan o + tan

i) Put f=ain tan(a+pf) =

tan(a + ) =
( ) l—tan o tan @

10.6 Half angle Identities

The formulas proved above can also be written in the form of half angle identities, in
the following way:

i) o cosa=2008E -1 Dcog o oS
2 2 2

version: 1.1

.. ., .
i) wcosa = 1-2 smzz = sin"— =

o l1—cos
o sin — ,/
i) tans = —2
2 a 1+cosa
2

10.7 Triple angle Identities

i) sin 3o = 3sina —4sin’ «
i) cos3a=4cos’a—3cosa

3tan a —tan’ «

iii) tan 3a = >
1-3tan”

Proof:

i) sin 3a = sin 2a +a)

= sin 2¢cos & +cos 2asin &
= 2sinacosacosa+(1-2sin’ a)sin
= 2sinacos’ a+sin @ —2sin’ a

= 2sin a(l-sin® a)+sina —2sin’ «

@)
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= 2sin ¢ —2sin’ a +sina —2sin’ a sin A +sin?2 A
Hence = tan 4.
Example 2: Show that
ii 3a = 2
) cos Sa cos (2a + @) . . 2tand .. 1—tan’ @0
) sin20 = —2n¢ i) cos20 = — 2 0
= cos2acos o —sin2asina 1+tan” @ 1+tan” @
= 20— —2si i . ) ) . 2si 2 si
(2 cos” a—1) cos @ —2 sin gcos @ sin & Solution: i) sin20 = 2sinf@cosf = sin cost s21n6?cc?326?
= 2cos’ a—cos a—2sin® acosa 1 cos” 6 +sin" ¢
= 2cos" a—cosa—2(1-cos” a)cos a 25in 0 cos O , sin O
= 2cos’a—cosa—2cosa+2cos a B cos’ 0 B c0s O
. cos’@+sin’d  cos’d . sin® @
cos3a= 4cos a—3cosa cos2 0 c0s20  cosO
. g - 20
i)  tan3a = tan 2a+a) l+tan” 0
2 -2 2 - 2
.. ) @—sin“@ cos” @—sin“ 6
i cos20 = cos’ O—sin® @ = 22 =
_ tan 2o +tana ) 1 cos’ @ +sin’ @

l-tan2a tan o

cos’@—sin’@  ¢os20 sin’O

- _
, 3 _ cos” 0 _ cos’f cos’d
_2tana -Izr tano — tazn a cos’@+sin’@d  cos’d sin’d
l-tan” o —2tan” « cos’ @ cos’d cos’ 6

Example 3: Reduce cos* 8 to an expression involving only function of multiples of 8, raised

Example 1:  Prove that sinA+sin24 = tan 4 to the first power.
I+cosA+cos2A4
Solution: We know that:
. sin A + 2sin Acos A sin A(1+ 2cos A)

Solution: L.H.S = = 2 _ > , _ 1+cos20

l+cosdA+2cos°A—1  cosA(1+2cos A) 2cos"0 = l+cos20 = cos” 0 = 5

. 2

_ smnd _ tan4 = R.H.S o cost@ = (cos’H) = [M}
cos A 2
version: 1.1 version: 1.1

(=) =)
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10.

1+ 2 cos 26 + cos* 20

4

= % [1+2c0s26 + cos® 26]

= i[1+2cos29+

1

1+ cos 49}

= [2+4c0s260 +1+cos4d]

4x2

= % [3+4cos 20 + cos40]

Exercise 10.3

Find the values of sin 2a, cos 2o and tan 2a, when:

: 12
sina = —
13

Prove the following identities:

cotax —tana =2cot2a

l1-cosa ¢ o

- = tan—
sinx 2
. a a
. Sin— + COS —
1+sina _ o) o)
_gi .« a
l-sina SIn— — COS—
2 2

l+tanatan2a = sec 2a

sin39_cos36’ _ 5

sind cos@

3.

1.

.. 3
i) cosa = —,
5

1+ cos2ax

where 0<a<%

sin2a
= tana

cosa —Ssina
= sec2a —tan2a

cosa +sina
coses @ + coses 20 0
= cot —
sec & 2
2sin @sin 26 _ tan 20tand
cosd +cos36
cos 36 N sin 360 — 4c0s20

cosd sin@

version: 1.1

o 0
tan — + cot— .
12 —2 2 _ ey 13, 5030, 0830, ot20
cot? —tan? cosf  sind@
2 2

14. Reduce sin* @ to an expression involving only function of multiples of 4, raised to the

first power.

15. Find the values of sin@ and cos & without using table or calculator, when 6 is

i) 18° i) 36° i) — 54° iv)

Hence prove that: cos36°cos72° cos108° cos 144° = %

Hint: o — 18 Let 0 = 36°
50 = 90° 560 = 180°
(36 +260) = 90° 30+20 = 180°
3 = 90" -26 3 = 180°-26
sin3d = sin(90° —26)| sin36 = sin(180° — 26)
etc. etc.

72°

10.8. Sum, Difference and Product of Sines and

Cosines

We know that:

sin(e¢+ f) = sinacos f+cosasinf
sin(d—f) = sinacos f—cosasinf
cos(ax+ ) = cosacos f—sinasinf
cos(a¢— ) = cosacos f+sinasinf

Adding (i) and (ii) we get

sin(a+ f)+sin(a—f) = 2sinacosf

(i)

(i)
(iii)
(iv)

(V)

Subtracting (ii) from (i) we get

version: 1.1
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sin(a + f)—sin(a—f) = 2cosasinf

Adding (iii) and (iv) we get
cos(a+ f)+cos(ax— L) = 2cosacosf

Subtracting (iv) from (iii) we get
cos(a+ f)—cos(a—pf) = —2sinasinf
So we get four identities as:

(vi)

(vii)

(viii)

2sina cos f = sin(a + f) +sin(a — )
2cosasin B = sin(a + f) —sin(a — f)
2cosacos B = cos(a + f) +cos(a — f3)

—2sinasin f = cos(a + ) —cos(ax — f)

Now putting ¢+ =P and a - =0, we get

= P+0 and S = r-0
2 2
P+QCOSP—Q
2 2

sinP+sinQ = 2sin

P+QsinP_Q
2
P+QCOSP—Q
2 2
P+QsinP_Q
2 2

sin P —sinQ = 2cos

cos P+cosQ=2cos

cosP—cosQ = —2cos

Example 1: Express 2sin76cos36 as a sum or difference.

Solution: 2sin78cos360 = sin(76 + 36) + sin(76 — 36)

= sin 106 +sin 460
Example 2: Prove without using tables / calculator, that

10. Trigonometric Identities
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Solution: sinSx+sin7x = 2si

version: 1.1

sin19” cos 11" +sin 71° sin 11° :%

Solution: LH.S. = sinl9 cos I1I"+sin71° sinl1l°

= %[2Sil’l 19° cos 11° +2sin 71" sin 11°]
= %[{sin(lg’ +11°) +sin(19° —11°)} = {cos(71° + 11°) —cos(71° = 11)}]

= %[sin30° +sin8” —cos82" + cos60°]

_ 1 l+sin8°—cos(90°—8°)+l
212 2
mr o1 . o oo . oo
= —| —+sin8 —sin& +—| (.* cos82° =co0s(90" —8") =sing")
212 2
11 1
= —| —4—
212 2}
_1
2
= R.H.S.

Hence sin19°cosl1” +sin71° +sinl1° :%

Example 3: Express sin 5x+sin 7x as a product.

. Sx+T7x 5x—"Tx
n cos 5

= 2sin 6xcosx (.- cos(—60)=cos O)

= 2sin 6x cos(—x)

Example 4: Express cosA+cos34+cos54+cos7A4 as a product.

Solution: cosA+cos3A4+cos54+cos7A

@)

version: 1.1
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=(cos3A+cosA)+(cos7A+cos5A4)

3A4+A4 34A-A4 TA+A TA-54
COS +2cos COS

2

=2c0S 2¢co

=2c08s2A4Acos A+ 2cos6Acos 4

=2c0s A(cos6A4 +cos2A)

:2cosA[2cos 64+24 coS 6A_2A}

2
=2 cos A(2cos 44 cos 24A) = 4cosAcos2Acos4A.

Example 4: Show that cos20° cos40° cos80° :é

Solution: LH.S. =c0s20° cos40° cos80°
1 . o o
= Z(4cos20 c0s40° cos807)
= %[(200540" cos20”) .2 cos807]

= %[(cos 60" +c0s207).2 cos80°]

= l (l+cos20°j.200580°
41\ 2

= %(COSSO" + 2c0s80° cos20)
= %(COSSO" + c0s100° +cos60°)

= %[cos 80" +cos(180° —80°) + cos 60°]

S—
4 2

_ l(lj:l R.H.S.
4\ 2 8

Hence cos 20° cos 40° cos 80° :é.

Exercise 10.4

1.  Express the following products as sums or differences:

) 2 sin 36 cos 0 i) 2 cos 56 sin 360

i) sin 56 cos 260 Iv)  2sin 76 sin 20

V) cos(x+ y) sin(x—y) Vi)  cos(2x+30°) cos(2x —30")
vii)  sin 12° sin 46° viii)  sin(x +45°) sin(x —457)

2.  Express the following sums or differences as products:

i) sin 560 + sin 360 i) sin 80 — sin 460
iii) cos 60 + cos 36 iv) cos 70 — cos O
V) cos 12° + cos 48° vi)  sin (x+30°)+sin(x—30)

3.  Prove the following identities:

. sin3x —sinx .. sin&x +sin2x
) = cot 2x i) = tan S5x

COSX —C0S3x coS8x +cos2x

sin —sin a— a+
1) —’B = tan ’Bcot P
sina +sin 2 2

4. Prove that:
i) c0s20° +cos100° +cos140° =0

i) sin(z—ﬁjsin(zﬂé’) :lcos2a9
4 4 2

version: 1.1

version: 1.1
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sin@ +sin30 +sin 560 +sin 760
i) = tan 40
cos@ +cos36 +cosS50 +cos76

5. Prove that:

) c0s20° cos40° cos60° cos80° = %

. .. 2 . . 4rx 3
i) sin—sin—sin—sin— = —
9 9 3 9 16

iii) sin10°sin30°sin50°sin 70° = %

version: 1.1



