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11.1 Introduction

Let us first find domains and ranges of trigonometric functions before drawing their
graphs.

11.1.1 Domains and Ranges of Sine and Cosine Functions
, , : : ¥
We have already defined trigonometric functions N

sin ¢, cos o, tan ¢, csc g, sec ¢ and cot 9. We know that B(0, 1)
if P(x, y) is any point on unit circle with center at the origin P(x. v)
O such that «xop = ¢ is standard position, then

cos & =x and  sin 6 =y ) 8 > X
C(-1, 0 O x M [A(1,0)

¥

=  for anyreal number ¢ there is one and only
one value of each x and y .i.e., of each cos ¢ D(0, 1)
and sin 4. Figure11.1 v

Hence sin ¢ and cos ¢ are the functions of ¢ and their domainis R a set of real numbers.
Since P(x, y) is a point on the unit circle with center at the origin O.

-1<x<1 and -1<y<1

= —1<cosf <1 and —1<sin@ <1
Thus the range of both the sine and cosine functions is [-1, 1].

11.1.2 Domains and Ranges of Tangent and Cotangent Functions
From figure 11.1

) tan 0 = £
X

, x#0

—  terminal side OP should not coincide with OY or OY’ (i.e., Y-axis)
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3z Sxm

= f=#z —, ..
2 2

, X

NN

= 6’¢(2n+1)%, where ne Z

Domain of tangent function :R—{x|x:(2n+l)%, ne 7}
and Range of tangent function = R = set of real numbers.

i)  From figure 11.1

cot = X , y#0

y

—  terminal side OP should not coincide with OX or OX (i.e., X — axis)
= 60 #0,tr,x2x,...

= 0 # nmr, Wwhere ne Z

Domain of cotangent function = R—{x|x=nz, ne Z}
and Range of cotangent function = R = set of real numbers.
11.1.3 Domain and Range of Secant Function
From figure 11.1

sec 0 = l , x#0
X

— terminal side OP should not coincide with OY or OY’ (i.e., Y — axis)

3z 5

= 0=+ —, ..
2 2

+
b

NN
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T
0+ (2n+1)— h Z _
= (2n )2, where ne y = tan x —oo<x<+oo,x¢—(2”+1)”,nez —00 < y <+00
. . y=cot x _ —00 < P < +00
Domain of secant function = R—{x|x:(2n+1)§, ne Z} B <X <F O, XN, nez 4
2n+Drm y=lor y<-1
- = —0 < X<+ 0,xXE——NE /
As sec ¢ attains all real values except those between -1 and 1 yosee
_ >] or y<-1
Range of secant function = R- {x| —1<x<1} Y = coses X —00 < X <+ 00,X# NI, neZ|” Y

_ _ 11.2 Period of Trigonometric Functions
11.1.4 Domain and Range of Cosecant Function

All the six trigonometric functions repeat their values for each increase or decrease of
27 in @ i.e., the values of trigonometric functions for & and 0 +2nz, where e R, and ne Z,
1 are the same. This behaviour of trigonometric functions is called periodicity.
csc @ = — , y#0 . . . . :
Period of a trigonometric function is the smallest +ve number which, when added to

y
—  terminal side OP should not coincide with OX or OX’ (i.e., X — axis) the original circular measure of the angle, gives the same value of the function.
Let us now discover the periods of the trigonometric functions.

= 0=0,tr,+2x,..

From figure 11.1

— 0 # nr, where ne Z Theorem 11.1: Sine is a periodic function and its period is 2r.

5 - of functi R—ix 2 Proof: Suppose pis the period of sine function such that
omain of cosecant function = R—{x|x=nz, ne ,
’ sin (+p) = sin @ forall 6 € R (i)

_ Now put =0, we have
As csc ¢ attains all values except those between -1 and 1

sin (0+p) = sin0
Range of cosecant function = R—{x|-1<x<1} = sinp= 0
. . . . . = = 0,7, 27, X37x,...
The following table summarizes the domains and ranges of the trigonometric func- P
tions:
- - i if p=r,then from (i
Function Domain Range ) p=nr ) M )
sin (@ + 1) = sin @ (not true)
y=sin x —00 < X <+ -1<y<1  sin (B+7) = —sin 0
y=cos x —0 < X < +00 1< y<l 7 is not the period of sin 4.
i) if p=2x,then from (i)
sin (6+27) = sin 4, Whichis true
version: 1.1 version: 1.1
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As is the smallest +ve real number for which
sin (6+2rx) = sin @

27 is not the period of sin 4.
Theorem 11.2: Tangent is a periodic function and its period is r.

Proof: Suppose p is the period of tangent function such that
tan (6+ p) = tan 6 for all e R (ii)

Now put =0, we have

tan (0+p) = tan 0
= tan p= 0
p=0,r,27 3nm,....
i) if p=7,then from (i)
tan (O+7) = tan 6, whichis true.
As 7 is the smallest +ve number for which

tan (€ + ) tan &

7 is not the period of tan 4.

) 27 is the period of cos 6. i)  2xisthe period of cscé.

iii) 2z is the period of secéd. iv) 7« isthe period of coté.
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)

.. X
1 tan—
) 3

Example 1: Find the periods of: i) Sin 2x
Solution: i) We know that the period of sine is 2z
sin (2x+27r) = sin2x = sin2(x+x) = sin2x

It means that the value of sin 2x repeats when x is increased by r.

Hence n is the period of sin 2x.
i)  We know that the period of tangent is =

tan(£+7rj = tanﬁ
3 3

It means that the value of tang repeats when x is increased by 3.

Hence the period of tang is 3.

:>tanl(x+37z) = tan>
3 3

Exercise 11.1

Find the periods of the following functions:

1. Sin 3x 2. COS 2x 3.
5 sini 6 coses£ 7.
3 4
X
. tan7 10. cot 8« 11.
13. 3sinx 14. 2 cosx 15.

tan 4x
. X
S1In —
5

sec 9x

3 cosi
5

12.

X

cot—
2
X

COS—
6

cosec 10x.
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11.3 Values of Trigonometric Functions

We know the values of trigonometric functions for angles of measure 0°, 30°, 45°, 60°,
and 90°. We have also established the following identities:

sin (—6) =—sin 8 cos (—6) = cosf tan(-0) = —tané
sin(z—60) = sin @ cos(r—60) =-cosf tan(r—-6) = —tanf
sin(#+6) =-sin @ cos(x+60) =-cosf tan(r+6) = tané

sin(2r—60) =—sin & cos(2r—60) = cos@ tan (2r—-6H)= —tan O

By using the above identities, we can easily find the values of trigonometric functions
of the angles of the following measures:

-30°,-45°,-60",-90°

+120°,+£135°,+£150°,£180°

+210°,+225°,+240°,£270°

+300°,+315°,+330°,£360".

11.4 Graphs of Trigonometric Functions

We shall now learn the method of drawing the graphs of all the six trigonometric
functions. These graphs are used very often in calculus and social sciences. For graphing the
linear equations of the form:

ax+by+c = 0 (i)
a,x+by+c, = 0 (ii)

We have been using the following procedure.

i) tables of the ordered pairs are constructed from the given equations,

i)  the points corresponding to these ordered pairs are plotted/located,
and iii) the points, representing them are joined by line segments.

Exactly the same procedure is adopted to draw the graphs of the trigonometric
functions except for joining the points by the line segments.

For this purpose,

i) table of ordered pairs (x, y) is constructed, when x is the measure of the angle and
y is the value of the trigonometric ratio for the angle of measure x;

i)  The measures of the angles are taken along the X- axis;

iii)  The values of the trigonometric functions are taken along the Y-axis;

iv)  The points corresponding to the ordered pairs are plotted on the graph paper,

v)  These points are joined with the help of smooth ciurves.

11.5 Graph of y = sin x from —27 to 27

We know that the period of sine function is 2z so, we will first draw the graph for the
interval from 0° to 360° i.e., from 0 to 2.
To graph the sine function, first, recall that -1 < sin x<1 forall xe R

i.e., the range of the sine function is [-1, 1], so the graph will be between the horizon-
tal linesy=+1andy=-1

The table of the ordered pairs satisfying y = sin x is as follows:

T T b1 2r Sn T 4n 3n Sn 11z
0 — — — i — T ki — — s | = 2n
6 3 2 3 6 6 3 2 3 6
X or or or or or or or or or or or or or

0° 300 | 608 90" | 120° | 150° | 180° | 2107 | 240° | 2707 | 300° | 330° | 360°

Sinx| 0 0.5 | 0.87 1 |0.87 | 0.5 0 |-05|-0.87| -1 |-0.87| 0.5 0

version: 1.1
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To draw the graph

1side of small square on the x —axis =10°

i) Take a convenient scale { ~ _ _ _
1side of big square on the y —axis = Tunit

i) Draw the coordinate axes.

iii)  Plot the points corresponding to the ordered pairs in the table above i.e., (0, 0),
(30°, 0.5), (60°, 0.87) and so on,

(iv) Join the points with the help of a smooth curve as shown so we get the graph of

y =sin x from 0 to 360° i.e., from 0 to 2.

&
y

L . T T T  y=1

sl ag g

o40 ¢ ras N e it e S 3
' 2400 2700 300° 330° /360

Graph of y=sin x from 0° to 360°

In a similar way, we can draw the graph for the interval from 0° to —360°. This will
complete the graph of y = sin x from -360° to 360° i.e. from — 2z to 2, which is given below:

+

Graph of y=sin x from -360" to 360°

The graph in the interval [0, 27 ] is called a cycle. Since the period of sine function is 2r,
so the sine graph can be extended on both sides of x-axis through every interval of 2z (360°)
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1
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11.6 Graph of y = cos x from -2 to 27

We know that the period of cosine function is 2z so, we will first draw the graph for the
interval from 0° to 360° i.e., from 0 to 27

To graph the cosine function, first, recall that -1< sinx<1 forall xe R

i.e., the range of the cosine functionis[-1, 1], so the graph will be between the horizontal
linesy=+1andy=-1

The table of the ordered pairs satisfying y = cos x is as follows:

TR EEEEECE
3 2 3 3 2 3 b
X
or ar ar or or or or or ar or or or or
00 | 300 | 600 | 907 | 1200 | 1507 | 1807 | 2100 | 2407 | 270° | 300° | 330° | 34
oS X l 087 | 05 0 05| 087 -1 |-087) 05| 0O 05 | 087 1

The graph of y = cos x from 0° to 360° is given below:
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Graph of y =cos x from 0° to 360°
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In a similar way, we can draw the graph for the interval from 0° to —360°. This will

complete the graph of y = cos x from -360° to 360° i.e. from — 2 to 2z, which is given below: iv) xapproaches —% from right i.e., x—)—%+0, tan x increases indefinitely in III Quard.
¥
4 We know that the period of tangent is = , so we shall first draw the graph for the
/‘_* = interval from -z to r i.e., from —180° to 180°
: A~ E . The table of ordered pairs satisfying y = tan x is given below:
20 I 330 3600
S ] o |2 2 Ep ] B 2 g2 |2 R0 B 2= |
v 6 3|2 72 3] 6 6 |3 |2 |2 |3 |6
X or
= s o o g or ar or or ar or or| or or ar or or or or
Graph of y =cos xfrom —360 to 360 801 500 |-120 90'-0/-90+0| 60" | =30° | 0 | 30° | 60° [90°-090°+0 120° | 150° | 180°
As in the case of sine graph, the cosine graph is also extended Tanx| 0 [058 | 173 | 40 | o |-173[{-058| 0| 058 | 173 | 4 | —» |-1.73|-058| 0

on both sides of x-axis through an interval of 2z as shown above:

Graph of y =tan x from —180° to 180°

y
A

Graphof y=sin x from -4xtodn

P ——r --+

11.7 Graph of y = tan x from — 7 To

We know that tan (-x) = — tan x and tan (r — x) = — tan x, so the values of tan x for
x = 0°, 30°, 45°, 60° can help us in making the table. 4
Also we know that tan x is undefined at x = + 90°, when 180 —150° 120

| —| X
1200 150 180°

£
4 -

i)  xapproaches % from lefti.e., x—)%—O, tan x increases indefinitely in I Quard.

i)  xapproaches % fromright i.e., x—>%+0, tan x increases indefinitely in IV Quard.

S L TR EEREE: -1 BT

*--------------------- P

iii) xapproaches —% from lefti.e., x—)—%—O tan x increases indefinitely in IT Quard.

version: 1.1 version: 1.1
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We know that the period of the tangent function is z. The graph is extended on both
sides of x-axis through an interval of z in the same pattern and so we obtain the graph of
y = tan x from -360° to 360° as shown below:

y
'y

‘ T L)

=36F 3300 300 -

L A L L L T T T ———

1200 130180 2000 2400

e o ETREE e L e R B
£
g

- ey S

*-----------n--h-l-h-u-n--u-.-u-u---
R ————

Y

Graph of y = tan x from —360° to 360°

11.8 Graph of y =cot x From -2z to

We know that cot (—x) = — cot x and cot (r — x) = — cot x, so the values of cot x for
x =0°, 30°, 45°, 60°, 90° can help us in making the table.

The period of the cotangent function is also . So its graph is drawn in a similar way of
tangent graph using the table given below for the interval from —180° to 180°.

version: 1.1

11. Trigonometric Functions and their Graphs elLearn.Punjab

l
St| M|z T T T n T T | 5
& | BB LR gl | LR | & [Eg By 2| =
LT 32 N3 el Y s 322 ¥
or or ar or or or or Qr or or ar ar ar or
_180° |-150° | =120° 190 -01907+0 —60° | =30° 30 | 60 |90-0l9+0 120 | 150 | 180
otx| s | 173 [ 038 | 4 | <o |-08|-L73| £ | 173{ 038 | 40 | =0 |038|-LT3) 4

A
v
)

v

<+

v

Graph of y =cot x from —180° to 180°

We know that the period of the cotangent function is 7. The graph is extended on both

version: 1.1
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sides of x — axis through an interval of  in the same pattern and so we obtain the graph of Since the period of sec x is also 27z, so we have the following graph of y = sec x from

y = cotx from from —360° to 360° as shown below: —360° to 360° i.e., from — 27 to 2x:
Y
4 4 ) 4 4 :
: : - i A 4 4 4
| .
-t —» X
-364 BRI i

: : * T T T : T T T T T T T T T T ] ] T T LI [] L | L h X
E E —BOT =330° =300F —.E'n =34 <21 =18F =150 =120° -'bcl =f =3 0 o 6l 'N"dl 12 150 [80° 2107 240 ZE"U' I FHF B
i i ----- 5- ------ »y=-l
v v ! v v , . . E

Graph of y = cot x from —360° to 360° ¥ Y v v

Y

Graph of y = sec x from - 360° to 360°
11.9 Graph of y = sec x from -2 to 2~

11.10 Graph of y = csc x from -2 to 27

We know that sec (—x) =secx and  sec (7 —x)=—sec x,

We know that: csc (—x) = —cscx and csc(zr —x)=csCx
So the values of csc x for x = 0°, 30°, 45°, 60°, can help us in making the following
table of the ordered pairs for drawing the graph of y = csc x for the interval 0° to 360°:

So the values of sec x for x = 0°, 30°, 45°, 60°, can help us in making the following table
of the ordered pairs for drawing the graph of y = sec x for the interval 0° to 360°:

T T T x| 5n m |4 3n |3x St | 5 El1E|2 E_I ?-_I! i EE E 3_I E 4_1 ;Eﬂ-ﬂ
o |5 |3 2723 |6 || |3 223 |§ | = g [ 2 |3 |5 [*Y™ |32 (27|
o o or or or or or or or or or or or or or or ar or or or or or or or qar or ar ar or or
0 | 30° | 60° [90-0{90+0 120° | 150° | 180° | 210" | 240" |270-0/270+0| 300" | 330° | 360 0+0| 30° | 60° | 90° | 1207 | 150° |180-0/180+0| 2107 | 240° | 270° | 300" | 330 | 360°
seex| 1 (115 2 [ o | =0 | =2 |-L1s| =1 [-L1S| 2 | <0 | 40 [ 2 | LIS 1 ]l P el Ml Ml i P s Ml Ml
version: 1.1 version: 1.1
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Since the period of c¢sc x is also 2z, so we have the following graph of

& L .?

i
il T

T T

H T T T T T T
ST £ e T 11 T R Y G N S 0 3 s WF 1200 150 KEDT 200F 2400 2700

L L)
EUEEE T

v

¥ ¥ 1‘

y=cscx from —360° to 360° i.e., from — 2x to 2x:

Graph of y =csc x from — 360" to 360°

Exercise 11.2

1. Draw the graph of each of the following function for the intervals mentioned against

each:
i) y =

—sin Xx,

2cos X,

xe [2rm,2xr]

xe [0,27x]

iii)

Vi)

y = tan 2x,
y = tan ux,
y = sin—,
y = €0S—,

xe [-m,7x]

xe [2r,27]

xe [0,27]

xe [-m,7]

2. Onthe same axes and to the same scale, draw the graphs of the following function for

their complete period:

i)

i)

y=sinx and y =sin2x

y=cosx and y=cos2x

3.  Solve graphically:

1)
i)

sin x = cos X,

sinx = x

b

xe [0,7]

xe [0,7]

version: 1.1
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